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Abstract-In this paper, we study a new class of generalized nonlinear variational inequality 
problem GNVIP(F, g, b, K) in locally convex Hausdorff topological vector spaces. Several existence 
theorems of solutions for GNVIP(F, g, b, K) with nonmonotone type set-valued mappings F are 
proved. 
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1. INTRODUCTION 
Let E be a locally convex Hausdorff topological vector space, E* be the topological dual space 
of E and (u, w) be the pairing between u E E’ and v E E. Let K be a nonempty convex subset 
of E and f : K -+ E* be a single-valued mapping. The classical variational inequality problem 
(VIP(f, K)) is to find 6 E K such that (f(c), $ - X) 5 0 for all z E K. If F : K -+ 2E’ is a 
set-valued mapping, then the generalized variational inequality problem (GVIP(F, K)) is to find 
6 E K and ti E F(G) such that (a, fi - X) < 0 for all II: E K. The VIP(f, K) and GVIP(F, K) 
have been extensively studied both in finite- and infinite-dimensional spaces and have been found 
very useful in many diverse fields of pure and applied sciences, such as operations research, 
equilibrium problems of economics, optimization problems, free boundary valued problems and 
contact problems in elasticity, etc., see [l-6]. 
Let H be a Hilbert space on which the inner product is denoted by (., .). Let K be a nonempty 
convex subset of H and f, g : H + H be single-valued mappings. Recently, Noor [7] studied 
the general nonlinear variational inequality problem (GNVIP(f, g, b, K)): find jj E H such that 
g(c) E K and 
(f (6) 7 g(z) - 9 (6)) + b (iA ~1 - b (6, $1 2 0, for all g(z) E K, (1.1) 
where b(-, .) : H x H + IR is not necessarily differentiable and satisfies some proper conditions. 
If b = 0, then the problem is equivalent to finding 6 E H such that g(B) E K and 
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(f (8 7 g(x) - 9 (?a) L 07 for all g(z) E K. (1.2) 
This problem is studied by Noor in [8]. Yao [9] h as considered a variant of the problem (1.2) 
in Banach space. Let K be a nonempty convex subset of a Banach space B, f : B + B* and 
g : B --+ B. The problem studied by Yao is to finding 6 E K such that 
(f (6) I g(z) - 9 (8)) 2 0, for all z E K. (1.3) 
Browder [3] and recently Shih-Tan [lo], Ding [ll], Jou-Yao [12], and Ding-Tarafdar [13] have 
obtained various set-valued generalizations of the Hartman-Stampacchia variational inequality [5] 
with monotone type set-valued mappings under different conditions. 
In this paper, we shall study the set-valued version of a more general case of GNVIP(f, g, b, K) 
(1.1) under locally convex topological vector space settings. Let K be a nonempty convex subset of 
a locally convex topological vector space E, F : K --) 2E’ be a set-valued mapping, g : K 4 E be 
a single-valued mapping and b : K x K --) IL! be a function. We shall consider the more general case 
of generalized nonlinear variational inequality problem, also abbreviated as GNVIP(F, g, b, K): 
find jj E K and 6 E F(c) such that 
Re (2, g(z) - g (6)) + b (6, z) - b (9, 5) 2 0, for all z E K. (1.4) 
Some existence theorems of solutions for GNVIP(F, g, b, K) with nonmonotone set-valued map- 
ping F are obtained under noncompact settings. 
2. PRELIMINARIES 
Let X and Y be two topological spaces and F : X -+ 2y be a set-valued mapping. F is said 
to be upper semi-continuous (in short, u.s.c.) at z E X if for each open set U in Y containing 
F(z), there is an open neighbourhood V of 2 in X such that F(y) C U for all y E V. F is called 
U.S.C. on X if F is U.S.C. at each x E X. A nonempty subset M of X is said to be compactly 
closed (respectively, compactly open) if for each nonempty compact subset D of X, M CT D 
is closed (respectively, open) in D. Let K be a nonempty convex subset of a locally convex 
Hausdorff topological vector space E and E* be the topological dual space of E. A function 
cp(z, Y) = K x K ---f R U {I!KO} is said to be O-diagonally concave in y (see, [14]), if for any finite 
subset { yi , . . . , ym} c K and any jj = c,“=, Xjyj(Xj > 0, CT=“=, Xj = l), we have 
Let F : K -+ 2 E* and g : K + E. F and g are said to have O-diagonally concave relation if the 
function cp(z, y) : X x X + lR U {rtm} defined by 
is O-diagonally concave in y. Obviously, if g is an affine mapping, then F and g have the 
O-diagonally concave relation for any F : X ---f 2F*. Indeed, for any finite set {yi, . . . , ym} c X 
and any % = Cj”=, Xjyj (Xj > 0, Cj”==, Xj = l), we have 
Hence, F and g have the O-diagonally concave relations. 
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The proof of the following Lemmas can be found in [15] or [16]. 
LEMMA 2.1. Let K be a nonempty convex subset of a topological vector space E and G : K + 
2K \ (4) be a set-valued mapping such that 
(i) For each y E K, G-‘(y) = {X E K : y E G(z)} is compactly open in K. 
(ii) There exist a nonempty compact convex subset Ko of K and a nonempty compact subset D 
of K such that for each y E K \ D, there is an 2 E co(Ko U {y}) with x E co(G(y)). 
Then there exists $ E K such that j_j E co(G@)). 
LEMMA 2.2. Let K be a nonempty convex subset of a locally convex Hausdorff topological vector 
space E which is of second category. F : K + 2E’ be a set-valued mapping with weak*-compact 
values and g : K + E is continuous in weak topology. If F is U.S.C. from some weak compact 
subset D of K to the weak*-topology of E*, then for each fixed x E K and any r E I%, the set 
is weak closed in D and the function y H infWEFcy) Re(w, g(y) - g(z)) is weak lower semicon- 
tinuous on D. 
PROOF. Let {ya}aEr c L be a net such that ya - yo, then we have yo E D and infurGFcy,). 
Re L dyer) - s(z)) I r f or each cr E I?. By the weak continuity of g, g( y@) - g(yo). Since each 
F(y,) is weak*-compact, there exists w, E F(y,) such that 
Re (wol, g(Ya) - s(x)) = WE%: 
” 
) Re h dYa) - s(z)) 5 T. 
As F is U.S.C. from the weak-topology of D to the weak*-topology of E*, F(y) is weak*-compact 
and D is weak-compact, it follows from Proposition 3.1.11 of Aubin-Ekeland [l] that yyD F(y) 
is also weak*-compact. Hence, there exists a subnet (~0) of {wa} such that {wp} converges to 
wo E U F(y) in weak*-topology. By the upper semicontinuity of F, we have wo E F(yo). As 
YED 
WP - wo in weak*-topology, we have 
(WP - wo, S(Y0) - g(x)) + 0. 
As g(y/p) - g(Y0) in weak-topology, we have 
(2001 S(Y0) - S(Y0)) + 0. 
Since E is of second category, by Banach-Steinhaus theorem (see [17, Theorem 2.5]), the family 
of functionals {wp - wg} is equicontinuous and hence, we have 
(wa - wo, S(Y4) - S(Y0)) -+ 0. 
It follows that 
I(WP, S(YB) - g(x)) - (WO? S(Y0) - g(x))1 
= I(wo - ‘wo, S(Y0) -g(z) + (wa - wo, S(Y4) - S(Y0)) + (wo, g(YP) - S(Yo))l 
I l(WP - ‘zuo, S(Y0) - g(x))1 + I(% - wo> 9(Yfi) - !?(Yo))l + I(wo, S(YP) - dYo))l + 0 
and so 
WEi;[yOJ Re (W s(Yo) - g(x)) 5 Re (~0, dye) - 4x1) = “:F R4w s(w) - g(x)) 5 T. 
Therefore, yo E L and L is weak-closed in D and hence, the function y H inf,,Fcy) Re (w, g(y) - 
g(x)) is weak lower semicontinuous on D. 
REMARK 2.2. Lemma 2.2 improves and generalizes Lemma 2.1 of [ll] and Lemma 1 of [lo]. 
The next lemma is Kneser’s minimax theorem [18] (see, also [19, pp. 40-41). 
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LEMMA 2.3. Let X be a nonempty convex subset of a vector space and Jet Y be a nonempty 
compact convex subset of a Hausdorff topological vector space. Suppose that f is a real-valued 
function on X x Y such that for each fixed x E X, f(x, .) is lower semicontinuous and convex 
on Y, and for each fixed y E Y, f (e, y) is concave on X. Then 
3. MAIN RESULTS 
In this section, we shall state and prove some existence theorems for GNVIP(F, g, b, K) (1.4) 
with nonmonotone set-valued mapping F. 
THEOREM 3.1. Let K be a nonempty convex subset of a locally convex Hausdorff topological 
vector space E which is of second category and F : K + 2E’ be U.S.C. from each weak-compact 
subset of K to the weak-topology of E* such that F(x) is we&-compact. Let g : K -+ E 
be continuous in weak-topology such that F and g have the O-diagonally concave relation. Let 
b : K x K --f IR be we&-continuous such that for each x E K, b(x, e) is a convex function. Further 
suppose that the following condition is satisfied. 
CONDITION (A). There exist a nonempty we&-compact convex subset KO of K and a nonempty 
weak-compact subset D of K such that for each y E K \ D, there is an x E co(Ko U {y}) satisfying 
x E co ZEK: m$p;yj Re h g(y) - g(z)) + b(y, Y) - b(y, 2) > 0 
>> 
. 
Then there exists a point 5 E K such that 
w~;~g, Re (w, g(C) - g(x)) + b(& $1 - b(& x) I 0, for all x E K. 
If, in addition, F(Q) is also convex and g is affine, then there exists Q E F(c) such that 
Re (C g(x) - g(9)) + b(& x) - b(B, d) L 0, for all x E K. 
That is, 6 E K and 2ir E F(c) is a solution of GNVI(F, g, b, K) (1.4). 
PROOF. Suppose that for each x E K there exists a point y E K such that 
w;$:,, Re(w, g(x) - s(y)) + b(x, x) - h(x, Y) > 0. 
Define a mapping G : K + 2K \ {q5}, by 
(3.1) 
(3.2) 
,iF:z, Re (W g(x) - g(y)) + b(x, x) - b(x, Y) > 0 
> 
G 
We claim that for each y E K, G-l(y) is compactly open in K. Let 6 be a nonempty compact 
subset of K, then 
fi n (K \ G-l(y)) = B n x E K : w&{5j Re (w, g(x) - g(y)) + b(x, z) - b(x, Y) I 0 
> 
= XcEB): w;h& Re (w, g(x) - s(y)) + b(x, x> - b(xj Y> 5 0 
> 
. 
By Lemma 2.2, the function x H inf,sF(,) Re (w, g(x) -g(y)) is weak lower semicontinuous. By 
the weak continuity of b, we have the function 
x H ,$,, Re (w, s(x) - s(y)) + h(x, x) - h(x, Y) 
Generalized Nonlinear Variational Inequalities 9 
is also weak lower semicontinuous on fi. Therefore b n (K \ G-‘(y)) is weak-closed in b. It 
follows that K \ G-‘(y) is compactly closed in weak-topology and G-‘(y) is compactly open 
in weak-topology. By Condition (A), there exist a nonempty weak-compact convex subset Ke 
of K and a nonempty weak-compact subset D of K such that for each y E K \ D, there is an 
z E co(Ka U {y}) satisfying 2 E co(G(y)). By Lemma 2.1, there exists a point fi E K such that 
6 E co(G($)). But then there exist ~1, . . . , .z~ E G(S) and X1, . . ., X, 2 0 with Cz”=, Xj = 1 
such that 6 = CT=, XjZj. Hence, we have 
Wj$J Re (~7 g(fi) - g(zj)) + b(ti, d) - WQ, sj) > 0, for all j = 1, . . . , m. 
On the other hand, we note that F and g have the O-diagonally concave relation and b(z, y) is 
convex in second argument, hence we have 
0 = &;,,, Re (W g(6) - g(9)) + b(& 6) - b(& 9) 
which is a contradiction. Hence, there must exist a point 6 E K such that 
inf 
wWO) 
RR (w, 9 (9) - g(2)) + b (& 6) - b (6, z) L 0, for all z E K, 
i.e., the conclusion (3.1) holds. 
Now suppose that F(Q) is convex and g is affine. Define a function f : K x F(e) -+ R by 
f(z, w) = Re (W g (5) - g(z)) + b (3, 3) - b (i, z) . 
Note that for each z E K, w +t f(z, w) is continuous and affine and for each w E T(c), 
2 H f(z, w) is concave since g is affine and b($, x) is convex in 2. By Lemma 2.3, we have 
(, g (9) - g(z)) + b (@, 9) - b (6, x) 1 5 0. 
Since F(B) is weak*-compact, there exists 2l”r E F(G) such that 
SUP [Re (@, g (9) - g(z)) + b (9, 6) - b (!A x)1 5 0, 
XEK 
and hence, 
Re (% g(x) - g (9)) + b($, 4 - b(& ti) > 0, for all 2 E K, 
that is 6 E K and 6 E F(c) is a solution of GNVI(F, g, b, K) (1.4). 
The following result is an immediate consequence of the above theorem. 
THEOREM 3.2. Let K be a nonempty weak-compact convex subset of a locally convex Hausdorff 
topological vector space E which is of second category, F : K -+ 2E’ be U.S.C. from K to the 
weak*-topology of E* such that each F(x) is weak*-compact and convex. Let g : K + E be 
aihne and continuous in weak topology and b: K x K --) R be weak-continuous such that for each 
x E K, b(x, .) is a convex function. Then the GVIP(F, g, b, K) has a solution. 
PROOF. Since g : K ---) E is affine, F and g have the O-diagonally concave relation. Letting 
K = Kc = D in Theorem 3.1, Condition (A) is satisfied trivially. Hence, the conclusion follows 
from Theorem 3.1. 
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THEOREM 3.3. Let K be a nonempty weak-compact convex subset of a locally convex Hausdorff 
topological vector space E which is of second category, f : K --f E* be continuous from K to the 
weak*-topology of E* and g : K + E be continuous in weak-topology such that f and g have the 
O-diagonally concave relation. Let b : K x K --) IR be weak-continuous such that for each x E K, 
b(r, .) is a convex function. Then there exists a point e E K such that 
Re(f(~),g(x)-g(~)j+b(S,x)-b(~,~)LO, for all x E K. 
PROOF. Letting K = Ko = D and F(z) = {f(z)} f or each z E K, it, follows from the conclu- 
sion (3.1) of Theorem 3.1 that 
Re(f(~),g(~)-g(z))+b(~,p)-b(~,x)10, for all x E K, 
and hence, 
Re(f(~),g(x)-g(~))+b(~,x)-b(~,~)20, for all z E K. 
THEOREM 3.4. Let K be a nonempty weak-compact convex subset of a locally convex Hausdorff 
topological vector space E which is of second category, G : K -+ 2E* be continuous from the weak 
topology in K to the weak*-topology of E* and A : E* --) E* is continuous in weak*-topology. 
Then there exists $j E K such that 
inf Re (A(w), & - x) < 0, for all x E K. 
wWC) 
If, in addition, G(jj) is convex and w --) Re (A(w), jj - x) is convex for each fixed x E K, then 
there exists ti E G(S) such that 
Re (A(Q), S-5) IO, for all x E K. 
PROOF. Define F : K 4 2E’ by 
F(x) = A o G(s), for all x E K. 
By the upper semicontinuity of G and the continuity of A, the composition mapping F is U.S.C. 
from the weak topology in K to the weak*-topology of E*. Letting K = Ko = D, b(., .) s 0 and 
g = I, the identity mapping in Theorem 3.1, we have that there exists 9 E K such that 
inf Re (u, $ - x) 5 0, for all x E K. 
21ENZi) 
By the definition of F, u E F(c) if and only if there exists w E G(G) such that ‘u. = A(w) and 
hence, we have 
inf Re (A(w), jj - x) 5 0, for all x E K. 
wEG(O) 
If G(e) is convex and w --) Re (A(w), jj - x) is convex for each x E X, define a function f : 
K x G(G) --f R by 
By Lemma 2.3, we have 
f(z, w) = Re (A(w), C - z). 
min sup Re (A(w), D - z) = sup min Re (A(w), & - ST) < 0. 
wEG(P) ZEK SK w@(O) 
Since G(B) is weak*-compact, there exist ti E G(&) such that 
supRe(A(C),G--)<O. 
XEK 
REMARK. Theorem 3.4 is an improved variant of Theorem 3.3 of Jou-Yao [12]. 
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